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The completeness of homogeneous (elementary) solutions in the space of solu-
tions of equations of the elasticity theory with finite energy is proved. The
scheme for this proof includes the case of plates inhomogeneous through the
thickness and is similar to the scheme given in [1], One of the general represen-
tations of the solution of the elasticity theory equations which are inhomogene-
ous in the thickness, on whose basis the system of elementary solutions is deter-
mined, is presented without proof. This system has been obtained in (2, 3] by
another method,

The problem of the completeness of homogeneous solutions was formulated in
different aspects [5] by Lur'e [4] in connection with the foundation of one of the
versions of the asymptotic method [6, 7]. The connection of this problem with
the problem of n-tuple completeness of Keldysh [8] is given and one of the me-
thods to solve it is proposed, which is realized in [9, 10] for the case of the plane
and axisymmetric problems.

1, Let Q = S X |— h, k] be the domain occupied by a plate, where 2h is the
plate thickness, § is its middle surface, @S is the boundary of S, S* are the plate
endfaces comresponding to 3 = =+ h, I' = S X [— A, k] is the lateral surface.
The properties of the plate material are given by the Lamé elastic characteristics
A=A (xg), p = 1 (23)

The elastic equilibrium of a plate described by the equations

Gijy =0, 0y = A uu; + (w4 uyy) (1.1
u = {u'p ug, u8}9 xr = {xlv x2) & S’ I3 & [— h’ h]
is considered,

A system of elementary solutions satisfying the following homogeneous conditions on
the plate endfaces is presented in [2, 3]

Sisly =0 (=123 (1.2)
For the later discussion, it is convenient to determine the homogeneous solutions con~
structed in [2, 3] by using the general representation of the solution of (1. 1) and (1. 2),
whose form we present without proof,

Namely, every solution of the elasticity theory equations (1. 1) which satisfies the
boundary conditions (1, 2) can be represented as

up = w,® (D, DY) + u;® () + u;® (g) (1.3)
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1
ul = o + 8 [e®; — 3 (10s — g, (1) 4Dy | (L4

=g

U = @, -+ (ky — eleg) ADy — (A* + pO) 1ROk, AD,

Us® = 0zb, u® = — b’ — 29Ac¢’, b = pe" — rie {L.5)
a=1,2, (-} =0()
w® =0y, u® = —3dg, u® =0 (1.6)

Here ®; = @; (r) are biharmonic functions, ;, Pyare conjugate harmonic functions
connected with @, by the relationship

al“’l = O, = kA(Do
o ¢ T % ‘ 2ap d k ?ﬁ*’i’z?‘(w
A R o)

o

Xy

Qo (22) = (2k — 1) gy () — 2k [ 2 dey | pz,

0 X3
X3 x; h
01 (73) = egs (75) — { Fy dzy — g utdrs j‘ 75 (25) dzs
x3 ’ s ’ A ”
@ (@) = | ky(ae) dmg + [0t dz, { a(z) do,
o ¢ . X3
a () = %&&’ ki (z5) = S’ x5t ﬁz—ﬁdﬁ’s
a® @ ¢ i . d
€= g & = —thaa(xs)dx?,, 0y = T
A = a3 + 8,2

Furthermore, the function ¢ (z, 2,) satisfies the following equation and boundary con-

dittons L (A) ¢ (z, z3) = (A* — 2AF + VY ¢ (z, 2,) = 0 (L7
Fo = {—ptl(pe’) — r'ol, ¢ (& h) = 0}
Vo = {p7* (p9")", @ (£ h) =0 = ¢ (zth)}

- At =4 R
P=morwm: 1% "TmoTtm

and, finally, we have for the function g (z, z;)
L (Mg=(A+ DNg(z,z5) =0 (1.8
Tl = {—pt ()", I' (£ h) =0} (L9

We consider the functions ¢ (z, z4) and & (z, xy) below as functions ¢ (z), g (z)
with values in some Hilbert space X, and the operators ¥, V as unbounded self-adjoint
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operators in this space,

Following [6, 7], we designate B®, m® y( , respectively, as the biharmonic, poten-
tial, and vortex solutions, Let us emphasize that each satisfies Eqs, (1. 1) and the bound-
ary conditions (1.2), If A, p == const, then (1,7) is converted into a biharmonic equa-
tion, (1. 8) into a harmonic equation, and (1. 4) into the Lur'e [4] formulas.

2, Let us introduce the concept of elementary solutions for (1. 7) and (1. 8), respect-
ively.

We call a solution of (1, 7) of the form p—t

Cx = 2 My (-’E) Pis (2.1)
s=0

an elementary solution of the first kind. In (2.1) B, is the eigenvalue, @y, is a gene-
ralized eigenvector (see {11]) of the operator bundle

L))o= (P —20F + V)9 =0 (2.2)
and @, are associated vectors determined from the equations
oL 1 8L
L(ﬁk) Pxs 1+ 'éﬁ Prs-1 - T’W Prsg = 0

The functions mp, (z) satisfy the equations
(A - ﬁh) Mpoy = 0
(A —Bpmps =mpy =1,....p—1)

We shall omit the second subscript in the case where there are no associated vectors.
We note that the spectral problem (2. 2) has been studied in detail in [1], where in
particular, the double completeness of the system of eigen- and associated vectors is
established by using the results in [11].
We now define an elementary potential solution as a vector function of the form

uy® = u® (c,)

We call every solution of Eq. (1. 8) of the form
ge=n @l (A—y)n @) =0, Tl=ywh

an elementary solution of the second kind, where T is an eigenvalue, /, is an eigen-

vector of the operator T defined by (1. 9). Evidently T is a positive operator, and

therefore all y; > 0. From the general theory of self-adjoint operators [12], there fol-

lows that the system of eigenvectors {l;} forms an orthonormalized basis of the space

X By i.e. h

(o L)x, = § pldodey = 8,
~h

We define the elementary vortex solution as a vector-function of the form
ut(s) = u® (gt) (2.3)
It can be seen by direct substitution that 9, = 0 is an eigenvalue of the operator 7',
Its corresponding elementary vortex solution is a particular case of the biharmonic solu-
tion, Hence, we understand the vortex solution below to be a set of elementary solutions
of the form (2.3) which correspond to points of the spectrum p, > 0 t = 1, 2, ).
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3. The following functional spaces will be used below:
1. X is the space of functions, square integrable in the segment 2, & [— &, k]
and with weight p (z3);
2. X* is the scale of the Hilbert spaces [13] which is obtained by closure of the
intersection of the domains of definition D (V™) of the operators V* (n = 1, 2, ...)

in the metric
[ofe =1V 0l
3. L, (38, X) is the space of functions with values in X* and the norm

ﬂfllﬁ,axé[sufn;ads

4. W® (38, X) is the space of functions with values in X whose generalized
derivatives up to order § belong to L, (35, X), (|[-lla,o is the notation for the norm
in W® (25, X));

5. Wp,a (0S) is the Hilbert space with norm

17B.e =17k +17k.0

Note. In the case where 4§ is a smooth closed curve of length /, the norm in
the space Wa,a (0S) can be defined by the following method:

o0

[FBo= 2 inlie+1n[®/alk] (.1
fu= § fndss, en= (20 oxpling), 5= 5=
a8

6. H isthe space of vector functions w (w,, Wy, Ws) having a finite energy in-
tegral

h
Iw i = f S 6i; (W) &i; (W) dz dxg (3.2)
S —h

7. H, is the space obtained by closure of the set of vector functions v, each of
whose components v; & Co (S, X) in the metric (3. 2);
8. Cw (S, X) is the set of functions with values in X which are finite and in-
finitely differentiable in S.
The elements of the space H, possess the following obvious properties:

Vip=0 (3.3)

Let us define the space of generalized solutions of the problem (1. 1) and (1. 2).
Definition. We call the set of elements u < H satisfying the condition
(u, vig=0, ve H, (3.4)

the space of generalized solutions H .

In other words, H, is the orthogonal complement to H, in the metric (3.2) or H =
Hy, P H,.

If (3.4) is integrated by parts and the property (3. 3) is taken into account, we see that
u satisfies the relationships (1. 1) and (1. 2).

4, We turn to a study of the question of the completeness of the system of homo-
geneous solutions in the space H,.
First of all we note that on the basis of the triangle inequality we have from the
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general representation of the solution (1.3)

julez <[u® (@, @)+ [u® (@) + Ju® (@)]a = 4.1
Ju® (®y, @)+ ez + 18]z

Here Z, and Z, are spaces induced by the energy metric for the functions ¢ and g
and the norms h

leBo= 5 | tp@)11ac" P + | A% P — 2r (2) Ac"a%e + (4.2)
S —h
29 (25) [| 01A¢” [ -+ | BpAc” ] + 208 () [| 8102 [* — 8,°60,%b]} dz dazy
b = p(x)c” — q(x3)Ac

h
" 8x IFZ. = —;'§ S P«(ita) [l alzg*lz_}_ |62’g* IZ‘H 31g*' |2+ ]62g*' P] dz dx? (4.3)
1 By
8y =8 — F,')'_Shl"(xa)gdxa

The problem will evidently be solved if it is proved that for any & > 0 and for any
solutions of Eq.(1.7) ¢ & Z, and for (1.8) g & Z, ,there exist such X and N, that

ﬂc—écksz‘<e, ﬂg*—ignL’<e (4.9)

k=1 n=1
The proof of the first of the inequalities (4. 4) is based on the use of some a priori
estimate which we present without proof because of insufficient space.
Let us consider the boundary value problem

LA)c@ =0, cls=h Acles=1 (4.5)
Lemma 1. To solve the boundary value problem (4, 5) there holds the following

@ priori estimate o A1/ B0+ Vol (4.6)

We introduce the space of the pairs Y*¥ = X* @ X7, whose elements will be de-
noted by © = {6,,8,}.
We also introduce the space
Mgasy = Wpa (0S) D Ws,y (0S)

The elements of this space are pairs of functions E = {f,, f;} definedon I'. We
define the scalar product in this space as follows:

(ED, By = (1, 1), o + (12, 1PV, (4.7

where the scalar products on the right are defined by the relationship (3. 1).

Let ©, be some complete system in the space Y28, and e, an orthonormalized basis
in L, (8S). The following assertion is evident,

Lemma 2. Thesystem E,, = e, ® O, is complete in the space Tlgusy.

Now, let us admit that the solution of (L.7)is c &= Z, and T (¢) = {c los = f,,
Ac las = f,} is its trace on the side surface I'. On the basis of the inequality (4. 6)

we have ;
HC'IZZI<A“P(C)IE575 (a’=B=3/817=6=7/s) (4.8)
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weset 0,° = (V' ¢,, BpV’ ¢}, where @, are the eigenvectors of a quadratic
bundle (2, 2) (here we assume for simplicity that there are no associated vectors), As fol-
lows from 1], the system {@,°} is complete in the space Y0, therefore, the system
O, = {Px, Br 9z} is complete in the space Y7»%, There results from Lemma 2 that
for any ¢ >> O there exist V¥, K and constants C,, such that

N K
"E*EN"HW*<%’ Ene= 2 2 Cax(ea®8y) (4. 9)
Let us introduce the notation y TmNE=
dx () = Z Crien (S)
n=—N

We examine the following system of boundary value problems in the domain S :
Amy — Bpmy = 0, my os = dy (5) k=1,2,....K) (4.10)

It has been shown in [3] that there are no negative reals among f, whereupon all the
boundary value problems (4, 10) are solvable uniquely,
Let us consider the expression K K
Co=c—c o= 2 m(@)Px = 2 ci
k=1 K==1
Evidently ¢, is the solution of (1.7) and

') =T () —T(c;) =E — Enk

The first of the inequalities (4., 4) now resuits frorn the inequalities (4. 8) and (4. 9).

Therefore the following theorem is proved.

Theorem 1. Every solution of (1,7) can be approximated by elementary solutions
of the first kind in the metric (4. 2),

Note, If the system {8y} is the basis in the space Y7, the inequality (4, 4) can be
understood in the sense of convergence, i, e, the elementary solutions of the first kind
possess basis properties,

Because the system of eigenfunctions {/;} comprises an orthonormalized basis of the
space Xy, it is considerably simpler to prove the following theorem,

Theorem 2, Every solution of (1, 8) belonging to the space Z; can be represented
as a series in elementary solutions of the second kind, which converges in the metric of
this space.

The following fundamental theorem results from Theorems 1 and 2 and from the in-
equality (4, 1).

Theorem 3. The system of homogeneous solutions is complete in the space H,.

§, Let us consider the problem of plate deformation under the effect of forces t =
{t,, L3, t3} applied to the side surface I', The following boundary condition is now
added to the conditions (1, 1) and (1. 2):

no;; (@) r = ¢ (i, j=1.2,3) (5. 1)

where n; are the components of the exterior normal to the surface T,
Definition. We call the vector-function u € H, and satisfying the following

integral identity u, Qg = Q) = \[ti‘k ar, VeeH, (5.9
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a solution of the boundary value problem (1. 1), (1. 2) and (1, 6).
Note, 1°, If the vector of solid displacement

N=§4 oXr (5.3)
is taken as n,where §, o are arbitrary constant vectors, r is a radius~vector of a point,

then since the left side of (5, 2) vanishes identically, we obtain the known necessary con-~
ditions for solvability, denoting the requirement for compliance with the equilibrium

conditions S 4T =0, S (t;— ;) dT =0
T r

2°, The metric (3, 2) in the space H; only defines the half-norm since every vector
function of the form (5,3) makes the energy integral (3, 2) vanish, Hence, the question
of the existence of a generalized solution reduces to studying the continuity conditions
for the functional Q (w) and the factor space G = H,/D, where D is the kemnel of I,
i.e. a set of vector functions of the form (5. 3).

The initial problem of elasticity theory is reduced to an infinite system in (3, 6, 7],
which is obtained if elementary solutions are substituted successively into the identity
(4.2) in place of % and §®;, 69, D;, dmy, On, are considered independent variations,
It can be concluded on the basis of Theorem 3 that the system obtained in such manner
is equivalent to the initial boundary value problem,
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A nonstationary three-dimensional problem on the motion of an isotropic elastic
medium in the presence of a crack along the half-plane is considered. Instant-
aneous concentrated normal and tangential pulses act at the initial instant on
both edges of the half-plane. The solution for the time-periodic problem is de-
termined by the Wiener-Hopf method, which was applied in the theory of wing
vibrations [1] although the process of solving (and formulating)the problem in
1] differs from the course of the solution in this paper, Furthermore, an inverse
time transformation is carried out which permits finding the solution of the non-
stationary problem in the whole space at once, in the Smirnov-Sobolev form.

The problems of unsteady motion of an elastic continuous medium have been
considered in [2— 5], The solution of a number of mixed dynamic problems for
a liquid or elastic medium is given in [1, 3, 6, 7],

1, The equations of motion in displacements for an isotropic medium in the absence
of body forces in the three-dimensional case are

0v/01 = (a® — V)VO + bWy, O =Vv, v = {v5, 0, v3} (L1
Let us initially consider the following time-periodic singular boundary value problem
for a semi~infinite slit (z = 0,— oo << (00 > =
a .
Gy = P [(a2 — 22)0 - 262 27 ] — PS(z 4+ 70)B(y + yo)exp(— iof) (L2)
y<0v ”3""':01 y>0

Sar = 0% (G + ) = 08(@ + 20) 8 (y + o) exp (— o)

oo <y < o0

o [ O a .
oy, = pb® ( aez -+ 61;3 ) = V& ({x + 20) 6 (y -+ yo) exp (— iwt)
o0 <1 < 00

V1,2, =0 (R;h), R, =V y*F 22— 0 (condition on the edge)

Here Zy, Y, are positive constants, 8 (z) is a delta function, p is the density of the



